Pulsars have been recognized as normal neutron stars or quark stars. Submillisecond pulsars, if detected, would play an essential and important role in distinguishing quark stars from neutron stars. A key question is how sub-millisecond pulsars could be formed. Both sub-Keplerian (for neutron and quark stars) and super-Keplerian cases (only for quark stars, which are bound additionaly by strong interaction) have been discussed in this paper in order to investigate possible approaches of forming sub-millisecond pulsars. In the sub-Keplerian case, the equilibrium periods of both neutron and quark stars could be as low as ∼ 0.4 ms when they are spun up through accretion in binary systems. In the superKeplerian case, pulsars could very likely have an initial period of ∼ 0.1 ms if quark stars with different masses could be formed from accretion-induced collapse (AIC) of white dwarfs. The timescale for a sub-millisecond pulsar to keep its period < 1 ms is restricted by gravitational wave radiation. We found that the timescales of neutron stars in the phase of sub-millisecond periods are approximately ∼ 10 yr, but the timescales estimated (> 10 7 yr) for low mass quark stars could be long enough for us to detect.
Introduction
Though it has been more than 40 years since the discovery of radio pulsars, we are not sure about their real nature because of the uncertainty about cold matter at supranuclear density. Both neutron matter and quark matter are two conjectured states for such compact objects; The objects with the former are called neutron stars, and with the latter are quark stars. It is an astrophysical challenge to observationally distinguish real quark stars from neutron stars (see reviews by, e.g., Madsen 1999; Glendenning 2000; Lattimer & Prakash 2001; Weber 2005; Xu2008) . Undoubtedly it will be very clear evidence for quark stars if a sub-millisecond (< 1 ms) pulsar is discovered by advanced radio telescopes (e.g., China's Five-Hundred-meter Aperture Spherical Telescope) in the future (Xu 2006a (Xu , 2007 .
How do sub-millisecond pulsars form? This is an interesting issue which we would like to focus on in this paper. Neutron or quark stars with both initial spins of sub-Keplerian and super-Keplerian frequencies will be considered. In the sub-Keplerian case, we investigate a magnetized neutron or quark star which is spun up during the accretion X-ray binary phase. The spin-up lines for both neutron and (low-mass) quark stars are calculated there. In the super-Keplerian case, the initial spin of quark stars by accretion-induced collapse (AIC) process is considered, assuming a quark star (even with a low mass) can form via AIC of white dwarfs.
In §2, the equilibrium periods for both neutron stars and quark stars under the subKeplerian condition are calculated. In §3, the initial rotational period of quark stars which are formed from the AIC process is calculated under the super-Keplerian case. In §4, the timescales of different mass of compact stars in the phase of sub-millisecond periods due to gravitational wave radiation are considered. Conclusion and discussion are given in §5.
2. The equilibrium periods of quark stars and neutron stars spun up by accretion in binary systems
In this section, we will find the minimum periods for both neutron stars and quark stars spun up by accretion in binary systems. We assume that the initial rotational periods of newborn pulsars could have an "equilibrium period", which associates with two characteristic parameters: magnetospheric radius and corotation radius. The magnetospheric radius (r m ) is the radius where the ram pressure density of particles is equal to the local magnetic pressure density (Xu et al. 2005 ) When r m is very close to the compact star's radius, one could rewrite the accretion rate M in units of Eddington accretion rate (Ṁ Edd ), with a ratio, α, so thaṫ
With these equations obtained above, then we can get r m for quark stars,
The corotation radius is r c = 1.5 × 10 8 M 1/3 1 P 2/3 cm. The surface velocity of compact stars cannot exceed the Kepler velocity. In order to make sure of the accreted matter falling onto the compact star's surface, the lower limit of rotational period must meet the constraint,
which could be This leads to
which is the so-called "sub-Keplerian condition". The accretion torque, N, exerted on the compact star contains two components: one is positive material torque which is carried by the materials falling onto the star's surface; the other is magnetic torque which can be positive or negative, depending on the fastness parameter
It is found that all the torques may cancel one another if the fastness is ω s = (r m /r c ) 3/2 ≈ 0.884 (Dai & Li 2006) . This implies a magnetospheric radius of r m = 0.92r c ≈ r c . One can obtain an equilibrium period of P eq when setting r m = r c ,
For quark stars, the equilibrium period is independent of mass and radius, and only dependent on bag constant, surface magnetic field, and accretion rate. Take Table 2. A compact star may become a radio pulsar (i.e., turning into the pulsar phase) after accretion, and should spin down due to magnetodipole radiation. At first, we neglect gravitational wave radiation for simplicity. We can then obtain the surface magnetic strength B 0 ,
From the equation above, we can obtaiṅ
for quark stars. We can also obtain P = (4.575 × 10 6 ) 7/4Ṗ 3/4 (Ṁ /Ṁ Edd ) −7/4 for a typical neutron star (1.4M ⊙ , 10 km). New spin-up lines for both quark stars and neutron stars have been drawn on the P −Ṗ diagram (Fig. 1) . We have drawn the conventional spin-up line of a normal neutron star with a mass of 1.4 M ⊙ , a radius of 10 km and the typical Eddington accretion rate (10 18 g s −1 ). Two spin-up lines for quark stars with same β = 110 MeV fm −3 , 1.4M ⊙ and different accretion rate α = 1 & α = 0.1 are drawn too.
In order to fit all observed millisecond pulsars, especially two millisecond pulsars (PSR B1820-30A and PSR B1821-24), a super Eddington accretion rate (15Ṁ Edd or 80Ṁ Edd ) is necessary for quark stars or neutron stars. It seems plausible that the accretion rate of a compact star (neutron star or quark star) in a binary system may greatly exceed the Eddington accretion rate if most of the released gravitational energy from accreted matter is brought away by neutrino emission.
3. An estimation of initial period of quark stars born through an AIC of white dwarfs A low mass quark star could be formed from white dwarf's accretion-induced collapse (AIC) (Xu et al. 2005) . In a binary system, when the white dwarf (WD) has accreted enough companion's materials that its mass reaches the Chandrasekhar limit, the process of electron capture may induce gravitational collapse. A detonation wave burning nuclear matter into strange matter spreads out from the inner core (Lugones et al. 1994) . A boundary of strange matter and nuclear matter will be set where the detonation wave stops when nuclear matter density drops below a critical value, similar to the process discussed and calculated by Chen et al. (2007) . The size of inner collapsed core may depend on the composition and accretion history of the WD, and quark stars with different masses could then be formed.
The initial spin period of AIC-produced quark stars can be estimated as follows. We assume that the mass of quark star ranges from 10 −3 M ⊙ to 1M ⊙ , and that the white dwarf rotates rigidly at the Kepler period (P K ) just before AIC. The quark star's mass is approximately equal to the mass of inner collapsed core in a white dwarf. If the angular momentum is conserved during AIC, the newborn quark star can rotate at a much short period of P SS ,
This leads to
where I SS is the quark star's moment of inertia, and I core is the moment of inertia of WD's inner core collapsed. For a low mass (M ⋆ 1M ⊙ ) quark star, using a linear equation of state, the mass and radius could be approximately related by M ⋆ = (4/3)π(4β)R 3 (Alcock et al. 1986 ). We can thus have
We have developed a code (using both non-relativistic hydrostatic equilibrium equation and ultra-relativistic EoS) to calculate a certain WD's mass and moment of inertia, assuming that the WD has a central density ρ c = 10 11 g/cm 3 , and that the electron abundance Y e = 1/2. Just before AIC, the Keplerian period is then P K = 2π
We could obtain the initial period, P SS , of nascent quark stars with different mass via Eq.(10), and find that almost all the values of P SS are equal to ∼ 0.1 ms (See Table 3 ) if the WD rotates at almost Keplerian period due to accretion (to spin up) in binary. A quark star will survive even if it rotates at such a high frequency (∼ 10 4 Hz) because the stars are self-confined by strong interaction, which we regard as a super-Keplerian star.
The simulated result above is not surprising, and could be demonstrated in a simplified case where both quark star's density (=4β) and white dwarf's density (= ρ c ) are uniform. Using Eq.(10) and the mass-radius relation, we can find the initial period of quark star to be P SS = (ρ c /4β) 2/3 P WD ∼ 4 × 10 −3 (ρ 11 /β 14 ) 2/3 P WD (with P WD the spin period of white dwarf, ρ 11 = ρ c /10 11 g cm 3 , β 14 = β/10 14 g cm 3 ), which depends only on the densities of WD and quark star. It is evident that P SS ∼ 0.1 ms if P WD = P K . The initial period of quark star could also be sub-millisecond even if the white dwarf rotates at a sub-Keplerian period before AIC. As addressed in Eq.(10), P SS ∝ P WD , we may have P SS ≃ 0.3 ms when P WD ≃ 5P K = 0.6 s. The spin-down feature of such a quark star depends on its gravitational wave radiation (see details in §4).
Gravitational Wave Radiation of sub-millisecond pulsars
We could hardly discover a sub-millisecond pulsar because the timescale for such a pulsar to keep its period < 1 ms might not be long enough to be detected due to the gravitational wave (hereafter GW) radiation (Andersson et al. 2003 ). We will estimate the timescale, considering only the bar-mode GW radiation which exerts a larger braking torque with braking index n ≈ 5 than magnetodipole radiation (n = 3). The rotation frequency drops quickly due to GW radiation, i.e.
where c is the speed of light, ε e is the gravitation ellipticity (equatorial ellipticity), i.e. ε e = (I − I 0 )/I 0 .
Our main interest is the timescale τ GW of GW radiation during the compact star rotates within sub-millisecond period. Then one can integrate the equation above in the angular velocity's domain [2π/P eq , 2π/0.001], i.e.
wherep eq is in a unit of millisecond. For neutron stars, ε e = (I − I 0 )/I 0 ≤ 10 −6 (Cutler & Thoren 2002) . Quark stars may have a lower ε e than neutron stars due to their larger compactness. The timescale of neutron stars could be lower than quark stars due to their different ε e . Here, we use ε e = 10 −8 and ε e = 10 −6 to calculate τ GW for quark stars and neutron stars through Eq.(12a) and (12b), respectively. For a typical neutron star, the timescale in the phase of submillisecond period is ∼ 10 yr, while for a low mass quark star, the timescale is ∼ 10 7 yr. Therefore, low mass quark stars could have much longer lifetime in the phase of sub-millisecond period than neutron stars. For the sub-Keplerian case, the timescales in the phase of sub-millisecond for quark stars of different mass and neutron stars of different EoS are in Table 1 and Table 2 , respectively. For the super-Keplerian case, the timescales in the phase of sub-millisecond for quark stars with different mass are in Table 3 .
Conclusions and Discussions
Two possible approaches of forming sub-millisecond pulsars have been discussed. The rotational periods have been found for both sub-Keplerian and super-Keplerian cases (see Table 1 , 2 & 3). In the sub-Keplerian case, neutron and quark stars can be spun up to sub-millisecond periods (even ∼ 0.4 ms) through accretion in binary systems. In the superKeplerian case, quark stars with different mass could have almost the same minimum rotational period (∼ 0.1 ms) if they form via AIC of white dwarfs. The initial spin frequency of a pulsar could be higher if the central density of a progenitor white dwarf is lower than 10 11 g/cm 3 . Solid evidence of quark stars will be obtained if a pulsar with a period of less than ∼ 0.4 ms is discovered in the future.
The timescale of a pulsar in the phase of sub-millisecond period is restricted by gravitational wave (GW) radiation. In this paper, we have mainly considered the bar-mode of GW radiation. Other GW mode (e.g. r-mode) may also be important (Xu 2006b ). Nevertheless, a low mass (such as 10 −3 M ⊙ ) quark star may survive, which could last several million years in a sub-millisecond period. The ellipticity, ε e , of quark stars might be smaller than that of neutron stars since the former are much more compact than the latter. It is very necessary to find realistic ellipticity of quark stars as well as neutron stars.
The accretion rate of neutron and quark stars in binary systems may greatly exceed Eddington accretion rate. The reason could be that most of the released gravitational energy is taken away by neutrinos, rather than by photons. Therefore, we have also drawn the spinup lines of both quark stars and neutron stars with different super-Eddington accretion rates in order to explain two millisecond pulsars, PSR B1820-30A and PSR B1821-24, in globular clusters. Note that the gravitational acceleration might be important to explain the period derivative of B1820-30A (Biggs, Bailes, Lyne, Goss & Fruchter 1994) .
Where could a sub-millisecond pulsar be discovered in the future? Very likely in globular clusters where there are more white dwarfs and binary stars which provide conditions to form sub-millisecond pulsars according to discussions in this paper. 
